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Abstract. We study the asymptotic of the Bergman kernel of the spin c Dirac operator 
on high tensor powers of a line bundle. 



1. Introduction 

The Bergman kernel in the context of several complex variables (i.e. for pseudoconvex 
domains) has long been an important subject (cf, for example, |2 ). Its analogue for 
complex projective manifolds is studied in [32], |2H], |M], |2o] - establishing the 

diagonal asymptotic expansion for high powers of an ample line bundle. Moreover, the 
coefficients in the asymptotic expansion encode geometric information of the underlying 
complex projective manifolds. This asymptotic expansion plays a crucial role in the 
recent work of (221 where the existence of Kahler metrics with constant scalar curvature 
is shown to be closely related to Chow-Mumford stability. 

Borthwick and Uribe |10j . Shiffman and Zelditch [3U| were the first ones to study the 
corresponding symplectic versions. Note that they use the almost holomorphic sections 
based on a construction of Boutet de Monvel-Guillemin [12] of a first order pseudodif- 
ferential operator Db associated to the line bundle L on a compact symplectic mani- 
fold, which mimic the db operator on the circle bundle in the holomorphic case. The 
Szego kernels are well defined modulo smooth operators on the associated circle bundle, 
even though Db is neither canonically defined nor unique (Actually, Boutet de Monvel- 
Guillemin define first the Szego kernels, then construct the operator D p from the Szego 
kernels). Moreover, in the holomorphic case, the Szego kernels are exactly (modulo 
smooth operators) the Szego kernel associated to the holomorphic sections by Boutet de 
Monvel-Sjostrand |13j . In the very important paper [3U|, Shiffman and Zelditch also gave 
a simple way to construct first the Szego kernels, then the operator Db from the construc- 
tion of Boutet de Monvel-Guillemin [T2], and in [30, Theorem 1], they studied the near 
diagonal asymptotic expansion and small ball Gaussian estimate (for d(x,y) < Cf-^/p 
where p is the power of the line bundle L). On the other hand, in the holomorphic 
setting, in ^H], Christ (and Lindholm in j2S]) proved an Agmon type estimate for the 
Szego kernel on C 1 , but they did not treat the asymptotic expansions. 

In this paper, we establish the full off-diagonal asymptotic expansion and Agmon es- 
timate for the Bergman kernel of the spin c Dirac operator associated to high powers of 
an ample line bundle in the general context of symplectic manifolds and orbifolds (Cf. 
Theorem I3.18| note the important factors on the right hand side of the estimate (j3.119j) 
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which make our estimate uniform for Z and Z'). Our motivations are to extend Don- 
aldson's work [22] to orbifolds and to understand the relationship between heat kernel, 
index formula and stability. Moreover, the spin c Dirac operator is a natural geomet- 
ric operator associated to the symplectic structure. As a result the coefficients in the 
asymptotic expansion are naturally polynomials of the curvatures and their derivatives. 

Let (X, u) be a compact symplectic manifold of real dimension 2n. Assume that 
there exists a Hermitian line bundle L over X endowed with a Hermitian connection 
V L with the property that y ^-R L = where R L = (V L ) 2 is the curvature of (L, V L ). 
Let (E, h E ) be a Hermitian vector bundle on X with Hermitian connection V E and its 
curvature R E . 

Let g TX be a Riemannian metric on X. Let J : TX — > TX be the skew-adjoint 
linear map which satisfies the relation 



for u, v £ TX. Let J be an almost complex structure which is separately compatible 
with g TX and u), and u(-, J-) defines a metric on TX. Then J commutes with J and 
-JJ £ End(TA) is positive, thus -JJ = (-J 2 ) 1/2 . Let V TX be the Levi-Civita connec- 
tion on (TX,g TX ) with curvature R TX , and V TX induces a natural connection V det on 
det(T( 1 '°)X) with curvature R det (cf. Section EJ). The spin c Dirac operator D p acts on 
Q°''(X, LP ®E) = 0™ =o Q°> q (X, LP ®E), the direct sum of spaces of (0, g)-forms with 
values in LP <g> E. 

Let {Sf}'^ =1 (dp = dimKer D p ) be any orthonormal basis of Ker D p with respect to the 
inner product ([2.2)1 . We define the diagonal of the Bergman kernel of D p (the distortion 
function) by 



Clearly B p (x) does not depend on the choice of {Sf}. We denote by Ic®e the pro- 
jection from A^ ' 1 ^) <g> E onto C ® E under the decomposition K(T<°'^X) = C © 
A >0( T *(o,i)x). Let det J be the determinant function of J x £ End(T x X), and |J| = 
(— J 2 ) 1 / 2 £ End(T x X). A simple corollary of Theorem 13.181 is: 

Theorem 1.1. There exist smooth coefficients b r (x) £ End(A(T*^ 0,1 ^X) ® E) x which 
are polynomials in R TX , R det , R E (and R L ) and their derivatives with order < 2r — 1 
(resp. 2r) and reciprocals of linear combinations of eigenvalues of J at x, and bo = 
(det jy/ 2 Ic®E, such that for any k, I £ N, there exists Ck,i > such that for any x £ X, 



(1.1) 



u(u, v ) = g (Jit, v) 



(1.2) 




i=i 



p £ N 



k 



(1.3) 




r=0 
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Moreover, the expansion is uniform in that for any k, I G N, there is an integer s such 
that if all data (g TX , h L , V L , h E , V E ) run over a set which are bounded in ^ s and with 
g TX bounded below, there exists the constant Ck,i independent of g TX , and the ^-norm 
in (jl.3|) includes also the derivatives on the parameters. 

We also study the asymptotic expansion of the corresponding heat kernel and relates it 
to that of the Bergman kernel. Let exp(— ^D^)(x, x') be the smooth kernel of exp(— -Dp) 
with respect to the Riemannian volume form dvx(x'). We introduce in (|2.4jl . Ud(x) G 
End(A(T; (0 ' 1) X)). 

Theorem 1.2. There exist smooth sections b r:U o/End(A(T*^°' 1 - ) X) ® E) on X which are 
polynomials in R TX , R det , R E (and R L ) and their derivatives with order < 2r — 1 (resp. 

( IJI \V2 

2r) and functions on the eigenvalues of 3 at x, and &o,u — ( det( 1 _ e l 4 ^ | J | ) j e" 4 ™^, 

such that for each u > fixed, we have the asymptotic expansion in the sense of ()1.3jl 
as p — > oo, 

k 

(1.4) exp(--D 2 p )(x,x) = y2b r , u (x)p n ~ r + 

Moreover, there exists c > such that as u — > +oo ; 



n— k— 1\ 



1.5) b T)U (x) = b r {x) + 6{e 



cu\ 



Note that the coefficient &o,u i n Theorem 11.21 was first obtained in 01 (f)]. Theorems 
II. HI!. 21 give us a way to compute the coefficient b r (x), as it is relatively easy to compute 
K,u(x) (cf. (|3.1U7|) . (|3.125p ). As an example, we compute b\ which plays an important 
role in Donaldson's recent work j22]- Note if (X,u) is Kahler and J = J, then B p (x) G 
c if°°(X,End(E)) for p large enough, thus b r (x) G End(E) x . 

Theorem 1.3. If (X,lj) is Kahler and J = J, then there exist smooth functions b r (x) G 
End(E) x such that we have (jl.3|) . and b r are polynomials in R TX , R E and their deriva- 
tives with order < 2r — 1 at x. Moreover, 

(1.6) b = ld El h = i- [V^l R E (ei, Jei) + \r x Idj 

i 

here r x is the scalar curvature of(X, g TX ), and {ej} is an orthonormal basis of(X, g TX )- 

Theorem 11.31 was essentially obtained in [HH] by applying the peak section trick, 
and in [TB], [SI] and [T7j by applying the Boutet de Monvel-Sjostrand parametrix for the 
Szego kernel [121 . We refer the reader to [22], [SHI for its interesting applications. 

Our proof of Theorems 11.11 fT~2l is inspired by local Index Theory, especially by §11], 
and we derive Theorem 11.11 from Theorem 11.21 In particular, with the help of the heat 
kernel, we get the full off-diagonal asymptotic expansion for the Bergman kernel and 
the Agmon estimate for the remainder term of the asymptotic expansion (Cf. Theorem 
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I3.18J1 . And when (X,u) is a Kahler manifold, J = J on X and E = C, we recover [3U1 
Theorem 1] if we restrict Theorem 13. 181 to \Z\,\Z'\ < Cj.Jp. 

One of the advantages of our method is that it can be easily generalized to the orbifold 
situation, and indeed, in ()4.25|) . we deduce the explicit asymptotic expansion near the 
singular set of the orbifold. 

Theorem 1.4. If (X,u) is a symplectic orbifold with the singular set X ' , and L, E are 
corresponding proper orbifold vector bundles on X as in Theorem \l.l\ Then there exist 
smooth coefficients b T (x) G End(A(T* (0,1) X) <S> E) x with b = (det J) 1/2 Ic®e, and b r (x) 
are polynomials in R TX , R det , R E {and R L ) and their derivatives with order < 2r — 1 
(resp. 2r) and reciprocals of linear combinations of eigenvalues of J at x, such that for 
any k, I G N, there exist Ck,i >0, iVeN such that for any x G X , p G N, 



1.7) \^-B p (x) -it,b r (x)p- r \^ < C^p-'-'+p^il + ^d(x,X')fe- c ^ d ^ 



r=0 



Moreover if the orbifold (X, uj) is Kahler, J = J and the proper orbifold vector bundles 
E,L are holomorphic on X, then b r (x) G End(E) x and b r (x) are polynomials in R TX , 
R E and their derivatives with order < 2r — 1 at x. 

This paper is organized as follows. In Section we recall a result on the spectral 
gap of the spin c Dirac operator [2H|- In Sectional we localizes the problem by finite 
propagation speed and use the rescaling in local index theorem to prove Theorems II. H 
11.21 In Section^ we compute the coefficients of the asymptotic expansion and explain 
how to generalize our method to the orbifold situation. 

The results of this paper have been announced in [2^ 
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discussions, and Laurent Charles for sending us his paper. Finally, the authors acknowl- 
edge useful comments and suggestions from the referee which help improve the paper 
and clarify the relationship with some previous work. 

2. The spectral gap of the spin c Dirac operator 

The almost complex structure J induces a splitting TrX <8>jr C = T^'^X © T^'^X, 
where T^X and T^X are the eigenbundles of J corresponding to the eigenvalues 
V'— 1 and — V~ 1 respectively. Let T*^'°'X and T*(°'^X be the corresponding dual 
bundles. For any v G TX with decomposition v = v lfi + t> ,i G T (1 ' 0) X © T^X, 
let ^ G T* (0 ' i:i X be the metric dual of v lj0 . Then c(v) = V2(v* >0 A -i V0A ) defines 
the Clifford action of v on A(T*^ 0,1 ^X), where A and i denote the exterior and interior 
product respectively. Set 

(2.1) /i = „inf R%{u,u)/\u\ 2 gT x > 0. 



ueT^- 0) x,xex 
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Let V TX be the Levi-Civita connection of the metric g TX . By j2H pp. 397-398], V TX 
induces canonically a Clifford connection V clifr on A(T* (0 ' i: X) (cf. also [2E1 §2]). Let 
V Ep be the connection on E p = A(T* (0 ' 1) X) ® L p <g> E induced by V clifr , V L and V E . 

Let ( )e p be the metric on induced by <? TX , /i L and h E . Let dfx be the Riemannian 
volume form of (TX, g TX ). The L 2 -scalar product on Q 0, '(X,L P <g> i?), the space of 
smooth sections of E p , is given by 



(2.2) (si,s 2 >= / (si(x),s 2 (x)) Ep dvx(x). 

Jx 

We denote the corresponding norm with ||-||l 2 - Let {ej}j be an orthonormal basis of TX. 



Definition 2.1. The spin c Dirac operator D p is defined by 



'v 

2n 



(2.3) D p = c(ej)Vj : ft°'*(X, L p <g> £) — ► ft°'*(X, L p ® E) . 

3=1 

Dp is a formally self-adjoint, first order elliptic differential operator on Q°''(X, L p ® E), 
which interchanges ft°' cvcn (X, L p ® E) and ft°' odd (X, L p ® E). 

We denote by P r(1,0) * the projection from T R X ® K C to T^X. Let V T<1 '° )x = 
pT x '°)x yTJfpT k e Hermitian connection on T^'^X induced by V TX with cur- 
vature R Til ' 0)x . Let V det(T(1 '° )x) be the connection on det(T^X) induced by V T<1 '° )x 
with curvature R det = Tr[R T 1,0)x ]. Let {wi} be an orthonormal frame of (T^'^X, g TX ). 
Set 



(2.4) u d = -Y,R L (wi,w m )w m A i m , r(x)=J2 R 



L 'w j ,w j ] 



l,m 

Let r x be the scalar curvature of (TX, g TX ), and 

c(R) = £ + § It [R T(mx ] ) (e h e m ) c(e,) c(e m ) . 

l<m 

Then the Lichnerowicz formula Theorem 3.52] (cf. |2"8*1 Theorem 2.2]) for is 

(2.5) D 2 p = (V^)* V s - - 2pa; d -pr + \r x + c(i2), 
If A is any operator, we denote by Spec(A) the spectrum of A. 

The following simple result was obtained in [23 Theorems 1.1, 2.5] by applying the 
Lichnerowicz formula (cf. also 8, Theorem 1] in the holomorphic case). 

Theorem 2.2. There exists Ci > such that for any pGN and any s G fP°(X, L p <S) 
E) = @ q>1 M>«(X,LP®E), 

(2.6) \\Dps\\ 2 L2 ^(2pfi -C L )\\s\\ 2 L2 . 
Moreover SpecDj; C {0} U [2p/i - C L , +oo[. 
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3. Bergman kernel 

In this Section, we will study the uniform estimate with its derivatives on t = ^= of 
the heat kernel and the Bergman kernel of D 2 as p — > oo. The first difficulty is that the 
space Q°''(X, L p ® E) depends on p. To overcome this, we will localize the problem to 
a problem on M? n . Now, after rescaling, another substantial difficulty appears, which is 
the lack of the usual elliptic estimate on R 2n for the rescaled Dirac operator. Thus we 
introduce a family of Sobolev norms defined by the rescaled connection on L p , then we 
can extend the functional analysis technique developed in §11], and in this way, we 
can even get the estimate on its derivatives on t = 4=. 

This section is organized as follows. In Section 13. 1\ we establish the fact that the 
asymptotic expansion of B p (x) is local on X. In Section f3.2| we derive an asymptotic 
expansion of D p in normal coordinate. In Section 13 .3| we study the uniform estimate 
with its derivatives on t of the heat kernel and the Bergman kernel associated to the 
rescaled operator L\ from D 2 p . In Theorem I3.16| we estimate uniformly the remainder 
term of the Taylor expansion of e~" L 2 for u > Uo > 0, t G [0, 1]. In Section [3.4^ we 
identify J rjU the coefficient of the Taylor expansion of e~" L 2 with the Volterra expansion 
of the heat kernel, thus giving us a way to compute the coefficient bj in Theorem ll.il In 
Section 13 A\ we prove Theorems II. 1| 11.21 



3.1. Localization of the problem. Let a x be the injectivity radius of (X, g TX ), and 
e E (0,a x /4). We denote by B x (x,e) and B TxX (0,e) the open balls in X and T X X 
with center x and radius e, respectively. Then the map T X X 3 Z — > exp x (Z) 6 X is 
a diffeomorphism from B TxX (0,e) on B x (x,e) for e < a x . From now on, we identify 
B T * x (0,e) with B x (x,e) for e < a x . 

Let / : M. — > [0, 1] be a smooth even function such that 



(3.i) m 

Set 



1 for \v\ < e/2, 
for \v\ > e. 



"+oo _i r+oo 

(3.2) F(a) = ( / f(v)dv) / e lva f(v)dv. 



Then F(a) lies in Schwartz space S(M.) and F(0) = 1. 

Let P p be the orthogonal projection from fl 0, '(X, U P ®E) on Ker D p , and let P p (x, x'), 
F(D p )(x, x') (x, x' G X), be the smooth kernels of P p , F(D P ) with respect to the volume 
form dvx{x'). The kernel P p (x,x') is called the Bergman kernel of D p . By (II. 2|) . 

(3.3) B p (x) = P p (x,x). 
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Proposition 3.1. For any l,m G N, e > 0, there exists Ci jTn<e > such that for p > I, 
x, x' G X , 

(3.4) \F{D p )(x,x') -P p {x,x')ym {XxX) < C hm>£ p- 1 , 

\P p (x,x')\^m {XxX) < Ci tmj£ p~ l iid(x,x') > e. 

Here the c € m norm is induced by V L , V B and \7 Ch ff. 

Proof. For a G M, set 

(3-5) (j) p (a) = l [vmt+oo[ (\a\)F(a). 

Then by Theorem \2.2\ for p > Cl/ho, 

(3.6) F(D P )-P P = MD P ). 
By (|3.2|) . for any m G N there exists C m > such that 

(3.7) sup|ap|F(a)| < C m . 

am 

As X is compact, there exist {xi} r i=1 such that {Ui = B x (xi, e)} r i=1 is a covering of X. 
We identify B Tx i x (0,e) with _B x (xi,e) by geodesic as above. We identify (TX) Z , (E p ) z 
for Z G B Tx i x (0,e) to T Xi X, (E p ) Xi by parallel transport with respect to the connections 
V TX , V Bp along the curve : [0, 1] 3 u — > exp x .(uZ). Let {ej}« be an orthonormal 
basis of T Xi X. Let &i(Z) be the parallel transport of with respect to V TX along the 
above curve. Let T E , T L , r cllff be the corresponding connection forms of V s , V 1, and 
yChff Tffifa re spect to any fixed frame for E, L, A(T*( 0,1 ^X) which is parallel along the 
curve 72 under the trivialization on U. 

Denote by Vc/ the ordinary differentiation operator on T Xi X in the direction U. Then 

(3.8) D p = ^c(e,)(Ve, + P T L (e,) + T c ^(e J ) + T E (e J )). 

i 

Let {y?i} be a partition of unity subordinate to {Ui}. For / G N, we define a Sobolev 
norm on the Z-th Sobolev space H\X, E p ) by 

l 2n 

(3-9) = E HV eii ---V^(^)||| 2 

i k=0 ii"'ifc=l 

Then by ipTBjl . there exists C > such that for p > 1, s G ^(A", Ep), 

(3.10) Hsllfli <C(|p pS || i2 +p||s|U 2 ). 

Let Q be a differential operator of order m G N with scalar principal symbol and with 
compact support in Ui, then 

(3.11) [D p ,Q] = Y; P [c<fi j )r L <fi J ),Q] + ]T [^)(Vq +r cliff (e,) + r s (e,)),Q~ 
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which are differential operators of order m — 1, m respectively. By (J3.1U)) . (|3.11j) . 

(3.12) \\Qs\\ H i < C(\\D p Qs\\ L 2 +p\\Qs\\ L 2) 

< C(\\QD p s\\ L 2 + p\\s\\ H p)- 
From (|3.12|) . for m G N, there exists C' m > such that for p > 1, 

(3.13) \\s\\ H rn+i < C' m (\\D p s\\ H ™ +p\\s\\h s >). 



m+l 



This means 

(3.14) \\s\\ Hr i <C' m Y,P m+1 ~ j \\ D i4L>. 

Moreover from (D™'<f) p (D p )Qs, s') = (s, Q*(j) p {D p )D™' s') , (ESI) and (f3~7)l . we know that 
for /, m! G N, there exists C^ m i > such that for p > 1, 

(3.15) \\Df<j) p (D P )Qs\\ L 2 < CVp- i+m || S || L2 . 

We deduce from (|3.14p and (J3.15|) that if P, Q are differential operators of order m, m' 
with compact support in Ui, Uj respectively, then for any / > 0, there exists Ci > such 
that for p > 1, 

(3.16) \\PMD P )Qs\\ L 2<C l p- l \\s\\ L2 . 

On Ui x Uj, by using Sobolev inequality and (|3.6|) . we get the first inequality of (|3.4|) . 

By the finite propagation speed of solutions of hyperbolic equations [T3], [TH], [IH 
§7.8], jHIl §4.4], F(D p )(x,x') only depends on the restriction of D p to B x (x, e), and is 
zero if d(x, x') > e. Thus we get the second inequality of ()3.4|) . The proof of Proposition 
13. II is complete. □ 

From Proposition 13.11 and the finite propagation speed as above, we know that the 
asymptotic of P p (x,x') as p — > oo is localized on a neighborhood of x. 

To compare the coefficients of the expansion of P p (x, x') with the heat kernel expansion 
of exp(— ^Dp) in Theorem 11.21 we will use again the finite propagation speed to localize 
the problem. 

Definition 3.2. For «>0,oeC, set 

f +0 ° v 2 dv 

(3.17) G u (a)= e™ a exp(--)/(^) 

J-oo ^ 



oo - V 27T 

+oo .,2 dv 



H u {a) = J_^e X p(~)(l-f(v)y 



\j2ixu 

The functions G u (a), H u (a) are even holomorphic functions. The restrictions of G u , H u 
to M lie in the Schwartz space iS(M). Clearly, 

(3.18) G,(J^D p ) + H,(D p )=eM-^ p D 2 p ). 
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Let Gn( A J~^D p )(x,x'), H^(D p )(x,x') (x,x' G X) be the smooth kernels associated to 
Gn(^J^Dp), H^(D p ) calculated with respect to the volume form dvx(x'). 

Proposition 3.3. For any m G N, Uq > 0, e > 0, there exists C > such that for any 
x, x' G X, p G N, u > Uq, 

2 

(3.19) Hu(D p )(x,x') <Cp 2m+2n+2 eM-—)- 

Proof. By (J3.17|) . for any m G N there exists C m > (which depends on e) such that 

(3.20) sup \a\ m \H u {a)\ < C m exp(-|^-). 

As (j3.16|) . we deduce from ()3.14|) and (|3.20j) that if P, Q are differential operators of 
order m,m' with compact support in Z7 i5 Uj respectively, then there exists C > such 
that for p > l,u> u , 

2 

(3.21) \\PH»{D p )Qs\\v < Cp m+m ' exp(- £ -P)\\s\\ L 2. 

p oil 

On Ui x Uj, by using Sobolev inequality we get our Proposition 13.31 □ 

Using ()3.17|) and finite propagation speed [TU §7.8], jHH §4.4], it is clear that for 
x,x' G X, GuL -Dp){x, x') only depends on the restriction of D p to B x (x, e), and is 



zero if d(x, x') > e. 

3.2. Rescaling and a Taylor expansion of the operator D p . Now we fix xq G X. 

We identify L Z ,E Z and (E p )z for Z G B Tx o x (0,e) to L XQ ,E Xo and (E p ) Xo by parallel 
transport with respect to the connections V L , V s and V Ep along the curve 7^ : [0, 1] 3 
u — > exp x (uZ). Let {ej}j be an oriented orthonormal basis of T XQ X. We also denote 
by {e l }i the dual basis of {e^}. Let ej(Z) be the parallel transport of with respect to 
V TX along the above curve. 

Now, for e > small enough, we will extend the geometric objects on B Tx o x (0,e) to 
R 2n ~ r xo X (here we identify (Z h ■ ■ ■ , Z 2n ) G M 2n to £\ G T 2o X) such that D p is 
the restriction of a spin c Dirac operator on M. 2n associated to a Hermitian line bundle 
with positive curvature. In this way, we can replace X by R 2n . 

First of all, we denote Lq, Eq the trivial bundles L Xo ,E XQ on Xq = R 2n . And we 
still denote by V L , V s , h L etc. the connections and metrics on Lq, E on 5 T *o*(0,4e) 
induced by the above identification. Then h L , h E is identified with the constant metrics 
h L Q _ ^. 0> _ Let ft = £V ^e* = Z be the radial vector field on R 2n . 

Let p : R — ► [0, 1] be a smooth even function such that 

(3.22) = 1 if H < 2; p(v) = if |«| > 4. 

Let y> £ : R 2n -> M 2n is the map defined by p e (Z) = p(|Z|/e)Z. Let c/ TXo (Z) = 
g TX ((p e (Z)), Jq(Z) = J((p e (Z)) be the metric and almost complex structure on X . 
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Let V E ° = (p*V E , then V^ is the extension of V E on B T *a x (Q,e). Let V L ° be the 
Hermitian connection on (L , h L °) defined by 

(3.23) V L °\ Z = V * e V L + ~(1 - p 2 (\Z\/e))R^(n, ■). 
Then we calculate easily that its curvature R L ° = (V L °) 2 is 

(3.24) R L °{Z) = v* e R L + id((l - p 2 (\Z\/e))R L Xo (K, •)) 

-p 2 (\Z\/e))R L +p 2 (\Z\/e)R L MZ) 



- (PP')(\Z\/S) S A •) - < ( z)(^ 

Thus R L ° is positive in the sense of (12.1)1 for £ small enough, and the corresponding 
constant //q for P io is bigger than |/z . From now on, we fix e as above. 

Let T*( 0,1 )X be the anti-holomorphic cotangent bundle of (X , J ). Since Jo(^) = 
J(if £ (Z)), T^j Q Xq is naturally identified with T*^^jX (obviously, here the second 
subscript indicates the almost complex structure with respect to which the splitting is 
done). Let V cllff ° be the Clifford connection on A(T*( 0,1 )Xo) induced by the Levi-Civita 
connection V TX ° on (Xq, g TX °). Let R E ° , R TX ° , R ChS ° be the corresponding curvatures 
on E ,TX and A(T*^X ). 

We identify A(T<°^X ) Z with A(T; o (0,1) X) by identifying first A(T*(°' 1 )X ) Z with 
A(T*^z)jXq) 7 which in turn is identified with A(T£ ^X) by using parallel transport 
along u — > u(p £ (Z) with respect to V cllff °. We also trivialize A(T*^°' 1 - l Xo) in this way. 
Let Sl be an unit vector of L xo . Using Sl and the above discussion, we get an isometry 
P , p := A(T<°^X ) ® E ® L p ~ (A(T* (0,1) X) ® P) xo =: E xo . 

Let .D^ (resp. V' Eo ' p ) be the Dirac operator on X (resp. the connection on E QtP ) 
associated to the above data by the construction in Section El By the argument in [2BJ 
p. 656-657], we know that Theorem 12.21 still holds for D x °. In particular, there exists 
C > such that 

(3.25) Spec(D^') 2 C {0} U [^pp - C, +oo[. 

Let P° be the orthogonal projection from fi ''(X , L P ®E ) ~ ^°°(X , E Xo ) on Ker L>*°, 
and let P p {x,x') be the smooth kernel of P p with respect to the volume form dvx (x'). 

Proposition 3.4. For any l,m G N, there exists C^ m > such that for x,x' G 
B T 'o x (o,e), 

(3.26) (P°-P p )(x,x') <C ljm p- 1 . 

Proof. Using ()3.2|) and (j3.25|) . we know that P° — F(D p ) verifies also ()3.4|) for x, x' G 
P T *o*(0,g), thus we get (13~27)1) . ' □ 
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To be complete, we prove the following result in [3J Proposition 1.28]. 

Lemma 3.5. The Taylor expansion ofe,i{Z) with respect to the basis {e,j} to order r is 
a polynomial of the Taylor expansion of the coefficients of R TX to order r — 2. Moreover 
we have 

(3.27) e i (Z)=e i - 1 -J2(R^(^e i )n,e j )e J + J2 (^)(0)^. 

3 M>3 

Proof. Let Y TX be the connection form of V TX with respect to the frame {ej} of TX. 
Let d{ = V e4 be the partial derivatives along e^. By the definition of our fixed frame, we 
have i n T TX = 0. As in 3. (1.12)], 

(3.28) C n T TX = [i n , d]T TX = in (dT TX + T TX A T TX ) = i n R TX . 
Let Q(Z) = (9 i j (Z)) 2 i n j=1 be the 2n x 2n-matrix such that 

(3.29) e i = ^ i {Z)e j {Z) y e 3 (Z) = (QiZ)- 1 )^. 

j 

Set 9 j (Z) = Y.A(Z)e l and 

(3.30) 9 = ej ® e J = G T * X ® TX - 

j j 

As V TX is torsion free, V TX 9 = 0, thus the M 2ri -valued one-form 9 = (9 J (Z)) satisfies 
the structure equation, 

(3.31) d6 + T TX A 9 = 0. 
Observe first that (cf. [31 Proposition 1.27]) 

(3.32) n = Yl Z &( Z ^ ^ = Yl Z i e i = U - 

j j 

Substituting 1ET32I) and (£ n - 1)K = 0, into the identity i n (d9 + T TX A 9) = 0, we 
obtain 

(3.33) (C n - l)C n 9 = (C n - l)(dH + T TX TZ) = (C n T TX )TZ = (t n R TX )n. 
Using ()3.32|) once more gives 

(3.34) t ej (C n - l)Cn9\Z) = (R TX (K } e 3 )K } e t ) (Z). 
Thus 

(3.35) ^ (|«| 2 + \a\)(d a 9*)(0)^ = (R TX (TZ, e^e,) (Z). 
M>i 

Now by (|3.29|) and 6>*(x ) = 5ij, ()3.35|) determines the Taylor expansion of 9j(Z) to 
order m in terms of the Taylor expansion of R TX to order m — 2. And 

(3.36) (6- 1 )} = - I (R T X0 X (n, e t )U, e 3 ) + 0(\Zf). 
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By (jS^HD, (EHfij) . we get lET27|) . □ 

For s £ ^°°(M 2r \ E X0 ) and Z £ R 2n , for t = -j=, set 

(3.37) (S t s)(Z) = s(Z/t), V t = SrHV^St, 

B t = S-HD^S t , L\ = S-H 2 Df°> 2 S t . 

Denote by V[/ the ordinary differentiation operator on T Xo X in the direction U. If 
a = (ax, • • • , «2n) is a multi-index, set Z a = Zf 1 • • • Z^ n . Set 

(3.38) 0o = E c( ej ) (V ej + e,)) . 

j 

Theorem 3.6. There exist Bi^ r (resp. Ai iT , resp. Cj >r ) (r £ N, i £ {1, - • • , 2rt}) homoge- 
neous polynomials in Z of degree r with coefficients polynomials in R TX , R det , R E [resp. 
R TX , resp. R L , R TX ) and their derivatives at Xq to order r — 1 (resp. r — 2, resp. r — 1, 
r — 2) such that if we denote by 

In 

(3.39) O r = C ( e *) (XrV ei + Bi, r -X + Ci,r+l) , 

i=l 

then 



(3.40) D t = o + ^fa + 



r=l 

Moreover, there exists w! £ N such that for any k £ N, t < 1, < e, t/ie derivatives of 
order < k of the coefficients of the operator 0(t m+1 ) are dominated by Ct m+1 (l + \Z\) m ' . 

Proof. By the definition of V cliff , e i; for Z £ R 2n , \Z\ < e, 

(3.41) [Vg liff ,c(^)] = c(Vl^)(Z) = 0. 
Thus we know that under our trivialization, for Z £ M. 2n , \Z\ < e, 

(3.42) c(e J )(Z)=c(e j ). 

We identify (det^^^X))^ for Z £ £ T *o*(0,£) to (det(T^X)) X0 by parallel trans- 
port with respect to the connection v det ( T(1 ' 0)j O along the curve jz- Let T E , T det and r L 
be the connection forms of V E , J \/ det ( T( - 1 ' 0) x ) anc l v L with respect to any fixed frames for 
E, det(T^ 1,0 ^X) and L which are parallel along the curve 72 under our trivialization on 
B Tx o x (0,e). Then the corresponding connection form of A(T*^ 0,1 ^X) is 

(3.43) T cliff = \ (V TX e k , ei> c(e fc )c(e,) + V ct . 

Now for T* = T E , T L or T dot and R' = R E , i2 L or i? det respectively, by the definition 
of our fixed frame, we have as in (J3.28|) 

(3.44) i n V = 0, C n T' = \i n , d]T' = i n (dV + P A V) = i n R' ■ 
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Expanding the Taylor's series of both sides of (|3.44j) at Z = 0, we obtain 

(3.45) £(|a| + l)(d a V) X0 (e^ = ^(^-U^e,)^. 

a a 

By equating coefficients of Z a on both sides, we see from this formula 

(3.46) E^'U^f^^ E (d a R') X0 (TZ, ej )^ 

\a\=r \a\=r— 1 

Especially, 

(3-47) d i T' xo (e J ) = ^R' xo (e u e J ). 

Furthermore, it follows that the Taylor coefficients of T'(ej)(Z) at xq to order r are 
determined by those of R° to order r — 1. 

By (Egg) , (E32), for t = for |Z| < ^e, then 

(3.48) V t |z = v + (tr clifr + tr s + -T L )(tZ), 

t 

2n 

i=i 

By Lemma f3. 51 ()3.46|) and ()3.48|) . we get our Theorem. □ 

3.3. Uniform estimate on the heat kernel and the Bergman kernel. Recall that 
the operators L\, V t were defined in (|3.37|) . We also denote by ( , ) QL2 and || || 0!i 2 the 
scalar product and the L 2 norm on ^ 7oo (X , E^J induced by g TX °, h E ° as in (|2.2j) . 

Let (Ivtx be the Riemannian volume form on (T X0 X, g Tx o x ). Let k(Z) be the smooth 
positive function defined by the equation 

(3.49) dv Xo (Z)=K(Z)dvrx(Z), 
with jfe(0) = 1. For s G ie°°(T X0 X, E xo ), set 

(3-50) || S ||, 2 = / \s(Z)\I mtH0 , 1)x dv Xo (tZ) = r 2n \\S t s\\l L2 , 

m In 

ll s ll?,m = ^2 /2 H^*> e n ' ' ' ^ 7 *. e i i S llt,0- 
1=0 ii,— ,«i=l 

We denote by (s',s) t0 the inner product on e if oo (X ,'E XQ ) corresponding to || ||^ . Let 
H™ be the Sobolev space of order m with norm || || tiTO . Let Hf 1 be the Sobolev space of 
order —1 and let || || t _i be the norm on H^ 1 defined by ||s|| t _i = swp Q ^ s , eH i \ (s, s') t |/||s'||t,i. 

If A G J??(if m , if" 1 ') (m, m' G Z), we denote by ||y4||™' m the norm of A with respect to 
the norms || || tjTn and || \\t,m'- 

Then L\ is a formally self adjoint elliptic operator with respect to || ||^ , and is a 
smooth family of operators with parameter xq G X. 
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Theorem 3.7. There exist constants Ci, C^iC^ > such that for t g]0, 1] and any 
s,s' e%°°(R 2n ,E X0 ), 

(3-51) (Lls^^^C^s^-CMl^ 

\(Lls,s') tfi \<C 3 \\s\ki\Wki- 

Proof. Now from ()2.5I) . 

(3.52) (Dp 0,2 s, S ) 0)L2 = \\V E »S\\1 L2 + {(-2puj d -pr + \r x + c(R)) s, s) QL2 . 
Thus from (|3~37|) . (f3~5U|) . and (E32D, 

(3.53) s) tfi = \\V t s\\l + ( (-25^^ - S^r + ffir* + t 2 S^c{R)) s, s)^ q . 

From (jnHSl), we get ff3~H|) . □ 

Let 5 be the counterclockwise oriented circle in C of center and radius /^o/4, and let 
A be the oriented path in C which goes parallel to the real axis from +oo + i to 4r + i 
then parallel to the imaginary axis to ^ — i and the parallel to the real axis to +oo — i. 
By lEOSJl . (pTSTjl . for t small enough, 

(3.54) Specif C {0} U [yU ,+oo[. 
Thus (A - LI) -1 exists for A £ (5 U A. 

Theorem 3.8. There exists C > suc/i t/iat /or t g]0, 1], A G £ U A ; anc? a; £ -X"; 

(3.55) ||(A - L\)~ l \\° t ' Q < C, 

\\(X-Ll)-%^<C(1 + \X\ 2 ). 

Proof The first inequality of (13351) is from (1333J) . Now, by (l33Tf . for A G R, A < 

— 2C 2 , (A — exists, and we have ||(A — L^ 1 ^ 1,1 < Now, 

(3.56) (A - Li)' 1 = (A - 4)- 1 - (A - A )(A - 4)- x (Ao - L*)" 1 . 
Thus for A G 5 U A, from ()3.56|) . we get 

(3.57) ll(A-4)- 1 ||r 1 '°<^fl + -|A-Ao| 



Now we change the last two factors in (j3.56J) . and apply ()3.57|) . we get 

(3-58) ||(A - 4)- 1 Hr W < 7, + f 1 + -IA - A | 

<C(1 + |A| 2 ). 

The proof of our Theorem is complete. □ 
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Proposition 3.9. Take m G N*. There exists C m > such that for t g]0, 1], Qi, ■ ■ ■ , 
Q m G {V tiei , Zi}^ and s, s' G %°°(R 2n , RJ, 

(3.59) ([Q x , [Q 2 , . . . , [Q m , £*]] . . s') < C m ||s||t,ilk'lki- 



Proof. Set gij(Z) = g TX °{e i) ej){Z). Let (g 4J (Z)) be the inverse of the matrix (g^^Z)). 
Let V£*%- = Y\-{Z)e k , then by (|23J), 

(3.60) L*(Z) = -g ij (tZ)(V t>ei V t , ej - *rf,(tZ)V t>e J 



- 2u d (tZ) + ritZ) + t 2 (±r x + c(R))(tZ). 

Note that [Vt >ei , Z 3 ] = 5^ . Thus by ()3.60|) . we know that [Zj, L|] verifies (|3.59p . 
Note that by (ET3T|) . 

(3.61) [V t , ei , V t , ef ] = {R Lo + t 2 ^ + t 2 ^ ) (tZ)(e t} e 3 ). 

Thus from ()3.60|) and (|3.61j) . we know that [Vt, efc ,L|] has the same structure as L\ for 
i G]0, 1], i.e. [V t)efc , L|] has the type as 

(3.62) ^)V tiei V t)e . + ^ 6 f (t, tZ)V Mi + c(t, tZ), 

ij i 

and ajj(i, Z), bi(t, Z), c(t, Z) and their derivatives on Z are uniformly bounded for Z G 
M 2n ,t G [0, 1]; moreover, they are polynomial in t. 

Let (V tie J* be the adjoint of V t , ei with respect to ( , ) t0 , then by ()3.50|) . 

(3.63) (V t>ei )* = -V t , 6i - tik-'V.MtZ), 

the last term of ()3.63|) and its derivatives in Z are uniformly bounded in Z G IR 2n , t G 
[0,1]. 

By (ETE2|) and (fXSSj), (|33Hj) is verified for m = 1. 

By iteration, we know that [Qi, • • • , [Qm, -^2]] • • •] has the same structure ()3.62|) as 
L\. By (|3.63j) . we get Proposition 13.91 □ 

Theorem 3.10. For any t G]0, 1], A G 8 U A, m G N, t/ie resolvent (A — maps 
if t m m£o H™ +1 . Moreover for any a G Z 2n , t/iere exzst iV G N, C Qjm , > such that for 
t G]0, 1], A G 5U A, 8 G C^O.E.J, 

(3.64) ||Z Q (A - L'r^lkm+i < C a , m (l + [Al 2 )^ ]T ||Z a ' S || t , m . 

ct'<a 

Proof For Qi, • • • , Q m G {Vt^} 2 ™!, Q m +i, ■ ■ ■ , <2m+[a| e {Z} 2 =i, We can express Qi • • • 
<5»n+|a|(A — f^) -1 as a linear combination of operators of the type 

(3.65) [Ql,[Q2,---[Qrn',(^-L t 2y 1 ]]---]Qm'+l---Q m +\a\ m' < 171 + \a\. 

Let & t be the family operators M t = {[Qji, [Qj 2 i ■ ■ ■ [Qjv^l]] ■■■]}■ Clearly, any com- 
mutator [Qi, [Q 2 , ■ ■ ■ [Qm', (A — L^) -1 ]] . . .] is a linear combination of operators of the 
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form 
(3.66) 
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(A — ify ^ R\ (A — L2) R2 ' ' ' Rm' (A — L 



I)' 1 



with R u ■ ■ ■ ,R m , G Mf 

By Proposition ^. 91 the norm 



1 1,-1 



of the operators Rj G ^ is uniformly bound by 



C. By Theorem 13. 8[ we find that there exist C > 0, N G N such that the norm 
of operators ()3.66|) is dominated by C(l + lAj 2 )^. 



1 0,1 
\t 

□ 



Let e~ uL2 (Z, Z'), (L 2 e~ uL2 )(Z ', Z') be the smooth kernels of the operators e~ uL2 , L\e 
with respect to dvTx(Z'). Note that L\ are families of differential operators with coeffi- 
cients in End(E X0 ) = End(A(T* (0 ' 1} X) ® E) xo . Let vr : TX x x TX -> X be the natural 
projection from the fiberwise product of TX on X. Then we can view e~ uL2 (Z, Z'), 
(Lle-^tyZ, Z') as smooth sections of vr*(End(A(T*(°' 1 )X) ® £?)) on TX x x TX. Let 
V End(E) be the connect i on on End(A(T*(°- 1 )X) ® £) induced by V clifr and V s . And 
yEnd(E) induces naturally a ^ m -norm for the parameter xq G X. 

Theorem 3.11. There exist C" > swc/i t/iat /or any m,m',r G N, u > 0, i/iere exist 
C > 0, N G N snc/i tfiat /or t G]0, 1], u > u , Z, Z' G T X . X ; 

Q\a\ + \a'\ Qr 



(3.67) 



sup 

|a|,|a'|<m 



sup 

|a|,|a'|<m 



-uL 



8Z a dZ' a dt r 



*(Z, Z') 



V m ' (X) 



< C{1 + \Z\ + \Z'\) N expQn u 



2C", 



\Z-Z 



l\2\ 



a 



Q\a\ + \a'\ Qr 



dZ a dZ' a ' dV 



(Lie 



t —uL% 



'.z, Z') 



V m ' (X) 



<C(1 + \Z\ + \Z'\) N exp(--// M 
here tf m (X) is the <*f m norm for the parameter xq G X. 
Proof. By (f3~53|) . for any k G N*, 



2C", 



(3.68) 



t „—uL% 



Lie 



2iriu k 1 
[-l) k -\k-l)\ 

2niu k ~ 1 



e- u \\ - L\)-"d\ 



SUA 



-uX 



A(A 



Li) 



(A 



4)" fc+1 



dX. 



For m G N, let Q m be the set of operators {Vt iej • • ■ Vt iei .}j< TO . From Theorem 13. 101 we 
deduce that if Q G Q m , there are M G N, C m > such that for any A G 5 U A, 



-f\-m.||0,0 
lit 



<C m (l + |A 



2\M 



(3.69) \\Q(X-LIj 

Next we study L 2 *, the formal adjoint of L\ with respect to (|3.50p . Then L\* has the 
same structure ()3.62|) as the operator L|, especially, 



(3.70) 



||Q(A-L| 



t*\-TO||0,0 



if 



<C m (l + |A 



2\Af 



ON THE ASYMPTOTIC EXPANSION OF BERGMAN KERNEL 17 

After taking the adjoint of ()3.7U|) . we get 

(3.71) ||(A-4)- m Q|| t ' <C m {l + \\\ 2 ) M . 
From (EHIHl) . ({nil and (1X7X1) . we have, for Q, Q' G Q m , 

(3.72) IIQe-^Q'H"' < C m e^° u , 

WQiLle-^Q'C < C m e~^ u . 

Let | | m be the usual Sobolev norm on ^°°(R 2n , E Xo ) induced by h E *o = h A( - T ^°' V ' >x ^ E -o 
and the volume form cLvtx(Z) as in (|3.50J) . Observe that by (|3.48|l . ()3.50|) . there exists 
C > such that for s G # °°(X , E Xo ), supp s C B T *o*(0, g), m > 0, 

(3.73) ^(1 + g)- m ||s|| t , m < |s| m < C(l + g) m |Mk m - 

Now ([3.72)1 . (|3.73|) together with Sobolev's inequalities implies that if Q,Q' G Q m , 

(3.74) sup \Q z Q' z ,e- uL *(Z, Z')\ < C(l + g) 2n+2 e*"° u , 

[S[,[Z'[<« 

sup |Q z Q , z ,(4e-"^)(Z, Z')| < C(l + g) 2n+2 e -> w . 

|3|,|2'l<9 

Thus by (|3.48|) . (|3.74|) . we derive ([3.67)) with the exponential e^ ", e~^° u for the case 
when r = m' = and C" = 0. 

To obtain ()3.67j) in general, we proceed as in the proof of [HI Theorem 11.14]. Note 
that the function / is defined in (13 .lj) . For h > 1, put 

exp(iv \f2ua) exp( — — ) [l - f(-V2uv)j 



2tt 

Then there exist C, C\ > such that for any c > 0, m, ml G N, there is C > such that 
for t g]0, 1], it > Wo, h > 1, a G C, |Im(a)| < c, we have 

(3.76) < Cexp (c'c 2 u - ^h 2 * 

For any c > 0, let be the images of {A G C, |ImA| < c} by the map A — > A 2 . Then 
V c = {A G C, Re(A) > ^In^A) 2 - c 2 }, and 5 U A C V c for c big enough. Let K uA be the 
holomorphic function such that K u ^ h (a 2 ) = K u ^ h (a). Then by ()3.76|) . for A G V c , 

(3-77) \X\ m \K ( ^(X)\<Cexp(c'c 2 u-^h 2 y 

Using finite propagation speed of solutions of hyperbolic equations and ()3.75|) . we find 
that there exists a fixed constant (which depends on e) d > such that 

(3.78) K^ h [L\){Z, Z') = e~ uL Hz, Z') if \Z - Z'\ > c'h. 
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By (I3.77|) . we see that given k G N, there is a unique holomorphic function K u ^ hk (X) 
defined on a neighborhood of V c such that it verifies the same estimates as K u ^ h in ()3.77|) 
and K u h k (X) — > as A — > +00; moreover 

(3-79) K^{X)/{k-l)\ = K^{\). 

Thus as in 



(3.80) K U}h (Ll) = — / K uAk (X)(X - L l 2 )- k d\ 



2m 



<5uA 



L 2 K Ujh (L 2 ) 



2m 



K u>h , k (X) X{X-L\)- k -{X-L\ 



i\-fc+l 



d\. 



By lETESt . dSZZH) and by proceeding as in (l3~T21) - (l3~73|) . we find that for K(a) = # U)/l (a) 
or aK u>h (a), for |Z|, |Z'| < g, 

(3.81) 



sup 

|a|,|a'|<m 



7 K(L* 2 ) (Z, Z') I < C(l + g)" exp (c"c 2 u - ^ 2 J 



Setting /i = ^\Z — Z'\ in (|3.81|) . we get for a, a' verified |a|, |a'| < m, 



7 K(4)(Z, Z') < C(l + |Z| + \Z'\) N exp ( C"c 2 W - - Z 



7 1 I 2 



2c' 2 



it 



(3.82) 

By (l3~o7l) with the exponential e^° u , e~\^ u for r = mf = C" = 0, (J3ZZHJ) , (|SIH2J) , we get 
(ETKTjl for r = m' = 0. 

To get (j3.fi 7|) for r > 1, note that from ()3.(i8j) . for k > 1 



(3.83) 



d^ e -uLl _ (-l) fc - 1 (fc-l)' 
<9t r 27rm fe - 1 



3 r 



<5UA 



dt r v 2y 



We have the similar equation for ^{L\e ui 2). Set 

r j 4 1 

(3.84) 7 fc>P = |(k,r) = (^,r i )|53fc i = A; + j,53r i = r, fci^eN'j. 

8=0 1=1 

Then there exist G M such that 
(3.85) 



an t t pa-j j t 

A-(X,t) = (X-Ll)-^(X-Ll)^...^ 



(A - Ll) 



d_ 

dt 



ZZ *r^(X,t). 

(k,r)e4, r 



We claim that A*(X, t) is well defined and for any m G N, k > 2(m+r + l), Q, Q' G Q" 
there exist C > 0, N eN such that for A G 5 U A, 



(3.86) 



\\QA*(X,t)Q's\\ ti0 <C(l + \X\) N £ ||Z'a|ko. 

|j9[<2r 
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fofact, by (ESDI), §:L\ is combination of j^{ g v(tZ)) (^V t>e J (flV^,), §^{d{tZ)), 
^-(di(tZ)) (^|V 4ie J. Now J^-(d(tZ)) (resp. ^-V t , e J (r x > 1), are functions of the 
type as d'(tZ)Z lS , \j3\ < ri (resp. ri + 1) and rf'(^) an d its derivatives on Z are bounded 
smooth functions on Z. 

Let M' t be the family of operators of the type 

with fj t smooth bounded (with its derivatives) functions and Qj. G {Vt jei }f=i- 

Now for the operator A^(X,t)Q' , we will move first all the term Z^ in d'(tZ)Z 13 as 
above to the right hand side of this operator, to do so, we always use the commutator 
trick, i.e., each time, we consider only the commutation for Zi, not for Z 13 with |/3| > 1. 
Then ^(A,^)^' is as the form Y2\/3\<2r L^QpZ 13 , and Q"p is obtained from Q' and its 

commutation with Z p . Now we move all the terms Vt )ej in -^rf- to the right hand side of 
the operator I}*. Then as in the proof of Theorem 13.101 we get finally that QA^(\,t)Q' 
is as the form Yl\p\<2r where is a linear combination of operators of the form 

Q(X - L\)~ k '°Ri{X - L t 2 )~^R 2 ■ ■ ■ R v {\ - L\)~ k i'Q'"Q", 

with R u --- ,R V G M' t , Q'" G Q l , Q" G Q m , \{3\ < 2r, and Q" is obtained from Q' and 
its commutation with Z@. By the argument as in (j3.69J) and (j3.71|) . as k > 2(m + r + 1), 
we can split the above operator to two parts 

Q(X - L|)~ fe °#i(A - L\Y<R 2 ■ ■ ■ R t (\ - L\y k "- 
(A - • • • R v {\ - L t 2 y k ' l 'Q m Q\ 

and the || ||°'°-norm of each part is bounded by C(l + (A) 2 )^. Thus the proof of (j3.86|) 
is complete. 

By (HUES)), (jHHSD and (|3~HH|l . we get the similar estimates (l3~n7|) with w! = C" = 0, 
fl3~S2l for fre-"^, f^e"^). Thus we get (j3~H7j) for w! = 0. 
Finally, for U a vector on X, 

(3.87) V ^E„d(E) e _^ = (- 1 ) fc " 1 ( fc - 1 ) ! f e - U A v ^End(E) (A _ jfi-U^ 

2niu J sua 

Now, by using the similar formula (J3.85|) for End ( E )(;\ _ L 2 )~ k by replacing d Q t r 1 2 by 
End ( E ) i}^ anc i remark that End ( E ^* i s a differential operator on T X0 X with the 
same structure as L 2 . Then by the above argument, we get ()3.67|) for mf > 1. □ 

Let Poj be the orthogonal projection from ^°°(Xo, E XQ ) to the kernel of L\ with respect 
to ( , ) t . Set 

(3.88) F U {L\ ) = ^ J e" MA (A - L^dA. 
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Let P 0tt (Z,Z'), F u (L t 2 )(Z, Z') be the smooth kernels of Po ;t , F U (L|) with respect to 
dvTx(Z'). Then by (13331) . 



(3.89) 



-uL 



2 " P 0l t 



+oo 



Lle- UlL *d Ul . 



Corollary 3.12. With the notation in Theorem l3.Hl 



(3.90) sup 

\ct\,\a'\<m 



X\a\ + \a>\ Qr 

"fJL%) (Z, Z') 



V m ' (X) 



< C(l + \Z\ + |Z'|) Jv exp 



-/i M 



\[O r ~^\Z-Z'\). 



Proof. Note that §/i u + ^-\Z - Zf > ^/U%\Z - Z'\, thus 
(3.91) / e -?^-^l^'l 2 dui < e -Vc^\z-z'\ / e -|A««i dui 

J u J u 



Ho 



-e s 



^ u-VC 7T JIE\Z-Z'\ 



By (l3~o7j) . (EH, and (ET3T1) . we get (EHIUl) . 



□ 



Remark 3.13. Under the condition of Lindholm [25], the metric on the trivial holomorphic 
line bundle on C n is ||1|| = e - ^ 2 . Now we use the unit section Sl = e v ^ 2 l to trivialize 
this line bundle. Then if cp is and -j^^p is bounded for \a\ > 3, from ()3.67|) . ()3.89|) . 
f!3.90|) with r = 0, we can derive the off-diagonal estimate of the Bergman kernel on C n . 
Actually, the ^-estimate was obtained by Lindholm [23 Prop. 9]. 



For k large enough, set 

„ (-i) k -\k-r 



(3.92) 



2Trir\u k 1 



e- uX (%A*(\,0)d\, 



(k,r)G/ fc 



Fr,u,t 

Certainly, as t —>■ 0, the limit of 



(-l) fe - 1 (fc - 1)! 
2mn u - - JsuA 

1 d r 



■ J SUA „ ^ T 



(k,r)e/ fe , r 

1 d r 



I <~Lt»- FuiLyi) Fr,ui Jr,u,t | 2 ^r,w 



t,m 



exists, and we denote it by 



|0,m- 



Theorem 3.14. For any r, k > 0, there exist C > 0, N G N such that for t G [0, 1], A G 
5UA, 



(3.93) 



<9 r L* <9 r L* 



<9r 



<9r 



t=o s 



t,-i 



<Ct W zas hi, 



\a\<r+3 



/ 9 

V9T 



V a^(A,0))J < C7t(l + lAI 2 )^ V \\Z a s\\ 0>0 . 

^— ' y 1 1 o,o , , z — ' 

(k,r)e/fc,r |a|<4r+3 
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Proof. Note that by flXjBD , (EToTIJ) . for t G [0, 1], fc > 1, 

(3-94) || S || ti0 < C||s|| ,o, ||s|k* < C ll^lk*- 

\a\<k 

An application of Taylor expansion for ()3.60|) leads to the following equation, if s, s' have 
compact support, 



(3.95) 



d T L\ d T L\ 



dt r 



dt T 



t=o s,s 



0,0 



\a\<r+3 



Thus we get the first inequality of ()3.93|) . Note that 



(3.96) 



(A - Ll)~ l - (A - L 



0\-l 



(X-Ll)-\Ll-Ll)(X-L 



0\-l 



After taking the limit, we know that Theorems 13. 8ll3~TUl still hold for t = 0. From ([3.55)1 . 
HUE) and (HHED, 

(3.97) || ((A - Li)' 1 - (A - Ll)- 1 ) s\\ 0fi < Ct(l + |A| 4 ) £ ||Z^|| 0)1 . 

H<3 

Now from the first inequality of lET33|) for r = 0, (I3~£5J) and (COTTjl . we get (j3~9"3jl . □ 

Theorem 3.15. TTiere exzsi C > 0, iV 6 N swe/i i/iat /or t g]0, 1], « > u , q G N, 
Z,Z'GT X0 A, |Z|,|Z'| <g ; 



(3.98) 



F rAt (Z, Z') <Ct 1,2{2n+l) (1 + g^e"^ ", 

Jr,« t(Z, Z') <Ct 1 /2(2n+l) (1 + e ^° U . 



Proof. Let J° ? be the vector space of square integrable sections of E x . over {Z G 
T X0 X, \Z\<q + 1}. If s G J^ q , put \\s\\ 2 {q) = f |z| < ?+1 l^ttor*^). Let be the 

operator norm of A G J2?(J° 0(J ) with respect to || ||( ? ). By ()3.83|) . ()3.92|) and ()3.93|) . we 
get: There exist C > 0, iV G N such that for t g]0, 1], u > u , 



(3.99) 



r,u,t || (q) 



< Ct(l + q) N e—2 



N o -^0U 



\Jr,u,t\\( g )<Ct(l + q) N e> u 



'r,u,t || (q) 

Let : R — > [0, 1] be a smooth function with compact support, equal 1 near 0, such 
that j T x <p(Z)dvTx{Z) = 1. Take v g]0, 1]. By the proof of Theorem 13.111 F T ^ U verifies 
the similar inequality as in ()3.90|) . Thus by ()3.90|) . there exists C > such that if 
\Z\,\Z'\<q,U,U' EE X0 , 

(3.100) | (F r>lht (Z, Z')U, U')- f (F r>u>t (Z -W,Z'- W')U, U') 



—4>(W/v)4>(W'/v)dv T x(W)dv TX (W') < Cu{l + q) N e~^° u \U\\U'\. 



V 
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On the other hand, by (|3.99j) . 



(3.101) 



(F r ^ t (Z-W,Z'-W')U,U') 
\-4>{W/v)<f>{W'/v)dv TX (W)dv TX (W') <Ct-^(l + q) N e-^ 0U \U\\U'\. 



By taking v = t 1 /2(2n+i) ; we get (|g7Jgj). T n the same way, we get (pOJHj) for J, 



□ 



Theorem 3.16. There exists C" > such that for any k, m, m' G N, there exist N G N, 
C > such that if t g]0, l],u > u , Z, Z' G T Xo X , 



(3.102) 



sup 

|ct|,|a'|<m 



Q\a\+\a'\ 



dZ a dZ 



^(F u (Li)-J2F r ,ut r )(Z,Z f ) 



r=0 



c (f m ' (X) 



sup 

|a|,|a'|<m 



< Ct k+ \l + \Z\ + \Z'\) N exp(-lfi u - ^/Cy~ \Z - Z'\), 

o 

qW\+W\ 



dZ a dZ 



-(e-^-J2Jr,ut r )(Z,Z'] 



r=0 



< Ct k+1 {l + \Z\ + \Z'\) N expQuou - — \Z - Z 



tf m ' \X) 

2C", 



/ 1 2\ 



U 



-.F u (L\)\ t= Q — F r>u , 



1 d r 



-uL% 



t=0 Jr,u- 



Proof. By 1CT32I) . and flUSU), 

Id 

( 3 - 103 ) 7\~dV~ uy ~ znu -" ~" U1 r\dt 

Now by Theorem EHH and (|3.92j) . J r n , F TjU have the same estimates as J^re~" L 2, ^F U {L 
in JSZZJ), (UnSI). Again from JHSZJ), (jUSZj) , and the Taylor expansion G(i) 



I), 



Eto ^(0)* r = m JJ(t - to) fc f^(to)rft , we get 

3.4. Evaluation of J r>u . For -u > 0, we will write uAj for the rescaled simplex {(u\ 
< wi < u 2 <•••<%< «}. By fl3~47IL 

oo oo 

(3.io4) D 2 = o 2 + ]r ^ a ri a 2 t r = ^ + ^Q,t r . 



□ 



, ■ • • , Mj 



r=l 



Set J" = -2vrv/^Tj. By (fTTIjl . J G End^^X) is positive, and the J action on TX is 
skew-symmetric. We denote by detc for the determinant function on the complex bundle 
T^X. We denote by \J XQ \ = (J^ 2 , and by L° c the restriction of L\ on ^°°(R 2n , C), 
then by (Q, (HSU), 

(3-105) Lie = - V (V + iift(Z, ei )V - T t 



L° 2 = L° 



2.C 2ix>d >:ro 



Let e" ui °.c(Z, Z'), e~ uL ^(Z,Z') be the smooth kernels of e~ ulj ^, e~ uL z with respect to 
dv T x(Z'). Now from lCTTn5|) (cf. (6.37), (6.38)]), 

(3.106) 
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-^(Z, Z') =_L_detc( ^hr- 

— — I ^o/j V' 

2 \tanh{uJ Xo ) 



' mM 2\tanh(«X ) ' 

*W 2 u^ oZ z / 



sinh(Mj7" a 



Theorem 3.17. For r > 0, we have 



(3.107) J TiU = (- 1 ) 3 I e- {u -^ )L °Q rj e-^- u ^ l)L ° 



ELi r * =r ' r *- 1 



• • • Q n e UlL2 dui ■ --duj, 

where the product in the integrand is the convolution product. Moreover, there exist 
Jr,p,/3'(u) e End(A(T* (0 ' 1) X) (g> F)^ smooth on u g]0, +oo[ swc/i £/ia£ 

(3.108) Jr,«(^^) = ^A/K^^V^.c^Z'), 

|/3| + |/3'|<3r 

and X]|/3|+|/3'|<3r Jr,p,f3'(u)ZP Z'^ as polynomial of Z, Z' is even or odd according to whether 
r is even or odd. 

Proof. We introduce an even extra- variable a such that a r+1 = 0. Set [ ]' r ' the coeffi- 
cient of a r , L a = L° 2 + J2 r j= i Qj° j - From (EHISJ) . (l3~TU3l . we know 



(3.109) 



J r>u (Z,Z') = l^- e - uL Hz,Z% =0 = [e- uL °p(Z,Z'). 



Now from (j3.109J) and the Volterra expansion of e~ uL " (cf. |3J §2.4]), we get ()3.107|) . 

We prove ()3.108|) by iteration. By (|3.106|h ()3.107|) and Theorem 13.61 we immediately 
derive ()3.108|) . By the iteration, ()3.106|) and Theorem 13.61 the polynomial of Z, Z' has 
the same parity with r. □ 

3.5. Proof of Theorems EH EH By (l3~5H|) . (|3.1l)2jl . for any u > fixed, there exists 
C u > such that for t = Z, Z' G T X0 X, x G X, we have 



(3.110) sup 

\a\,\a'\<m 



Set 

(3.111) 



r=0 



c e m ' (x) 



< C u t k+1 {\ + \Z\ + \Z'\) N 'exp(-y/C^\Z - Z'\), 

p{r) T _ p 
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Then P^ does not depend on u > by (|3. 110)1 . as Po,i does not depend on u. Moreover, 
by taken the limit of (|3.9U|) as t — ► 0, 



< C{1 + |Z| + \Z'\) N exp(-- yUo n - ^C>o\Z - Z'\). 



(3.112) F r , u (Z,Z' 
Thus 

(3.113) J r>u (Z, Z') = P {r \Z, Z') + F r , v (Z, Z') = P (r) (Z, Z') + e{e~* 



CO" 1 ! 



uniformly on any compact set of T X0 X x T X0 X. 

Let P(Z, Z') be the Bergman kernel of L\ c in 1)3.105)1 . i.e. the smooth kernel of the 
orthogonal projection from L 2 (IR 2n , C) on KerL^. Then for Z, Z' G T XQ X, 

(3.114) P(Z, Z>) = exp ( - \ (\J X0 \(Z - Z), (Z - Z')) + \ (J X0 Z, Z>) 

Now c «*o = ooshH^ol) + sinh( W |Xol)^, thus = l(\J XQ \ + J XQ ) + 

^( e - 2u l^ol). From (13. 100)1 . and (13. 107)1 . we get as u -> oo, 

(3.115) J 0)U (Z, Z') = e"^(Z, Z') = P(Z, Z')I mE + 0(e-»n, 

P<®(Z, Z') = P(Z, Z')W 

uniformly on any compact set of T X0 X x T X0 X. From ([3.1 08)1 . ()3.113)) . and ([3.115)) . we 
know that as u —>■ oo, 

(3.116) JrfiAu) = -W(oo) + ^(e-> 0M ). 
and by (fHH, jll and ()3~TTH)l . 

(3.117) P«(Z, Z') = J ri00 (Z, Z') = ^ J r ,^(oo)Z /3 Z //3 'p(Z, Z'). 

Note that in (j3~I3)l . /<Z) = (det ^(Z)) 1 / 2 = (det(^)) 1 / 2 . By (JHSZD, for Z, Z' G 



(3.118) 



P°(Z, Z') = p n P ,t(Z/t, Z'/t)K-\Z'), 



exp(--D Xo < 2 )(Z, Z') = p"e- uL H^A, Z' jty-\Z'). 
p y 



We now observe that, as a consequence of ()3. 110)1 and ()3. 118)1 . we obtain the following 
important estimate. 

Theorem 3.18. For any k, m, m' G N, there exist N G N, C > such that for a, a' G N n , 
\a\ + \a'\ < m, Z, Z' G T X0 X, |Z|, |Z| < e, x G X, p > I, 



(3.119) 



Q\a\ + \a'\ / ]_ 



-P p °(Z, Z') - £ P«(VPZ, ^z')k-\z') v - 



r/2 



r=0 



^ (X) 



8Z a dZ' a \p n 

< ap -(fc+l-m)/2 (1 + |^ Z | + | V p Z '|)^ exp( _ v ^7^ v ^| Z _ 
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By (13.26)) and Theorem 13.181 we obtain the following full off-diagonal expansion for 
the Bergman kernel on X. 

Theorem 3.18'. With the notation in Theorem \3.1fy 



\a\ + \a'\ ( 1 k \ 



Q\a\+\a'\ 

dZ> 

< Cp^ k+1 ^/\1 + \JpZ\ + \y/pZ'\f eM-VC^y/p\Z ~ Z' 



V m ' (X) 



(3.120) 



The term &{jT°°} means that for any l,li G N, there exists Cj^ > such that its 
^i_ norm i s dominated by Ci^p^ 1 . 

From Theorem 13.171 we know that J r>u (0, 0) = for r odd. Thus from (|3.113|) . 
pW(o, 0) = for r odd. Thus from (|3~TP3J) . for Z = Z' = 0, m = 0, we get 



(3.121) 



1 fc 



-fe-i 



From dniliD, 
(3.122) 



P (o) (0,0) = P(0,0)I mE = (det J) 1/2 W- 



Moreover, from Theorems 13.6) 13.17) 1)3.104)1 . we deduce the desired property on b r in 
Theorem 11.11 To get the last part of Theorem 11.11 we notice that the constants in 
Theorems 13 . 1 1 1 and 13 . 1 51 will be uniform bounded under our condition, thus we can take 
Ck,i in ()1.6)) independent of g TX . Thus we have proved Theorem ll.il 

From Proposition 13.31 we know that for any u > fixed, for any I G N, there exists 
C > such that for Z, Z' G T X0 X, \Z\, \Z'\ <e,x e X, 



< Cp~ l . 



c g m ' (X) 



< Cp 



-fc-i 



(3.123) |(exp(-^Dj) - exp(-^<" 2 )) (Z, Z') 

Thus from Theorem l3~T71 flOU, ipTTBjl . and ()3~T2lT)) . we get 

1 u k 

(3.124) "^ ex P(— D 2 p )(x ,x )-J2j2r,u(Q^)P~ 

Hence we have (11.4)1 and at Xq, 

(3.125) b r , u = J 2r , u (0,0). 

Now, from (ETTUoT) . (j3~TT3]l . (I3~T2T1) . and (ITT231) . we deduce Theorem Ol 

From our proof of Theorems 11.1) 11.2) we also obtain a method to compute the coef- 
ficients. Namely, we compute first the heat kernel expansion of exp(— '^D p )(x, x) when 

p —* oo by Yy r =o b r ,u{ x )p n ~ r (cf. (13.124)) ). then let u —* oo, we get the corresponding 
coefficients of the expansion of ^-P p (x, x). As an example, we will calculate b\ in the 
next section. 
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In practice, we choose {wj}™ =1 an orthonormal basis of T Xo ' X, such that 
(3.126) J X0 = diag(ai(aco), • • • , a n (s )) G Ead(T^X), 

with < ai(xo) < a2(£o) < ••• < a n (xo), and let {w^}^ =1 be its dual basis. Then 
&2j-\ = -^( w j + Wj) and e2j = y ^f( w j = 1, . . . , n forms an orthonormal basis 

of T X0 X. In the coordinate induced by {e,} as above, all even function g(J XQ ) of J xo is 
diagonal, and g(J XQ ) = g{\J Xo \)- 



4. Applications 

This section is organized as follows. In Section l4~T] we calculate the coefficient b\ in 
Theorem 11.11 when the manifold is Kahler. In Section 14 .2^ we extend Theorem 11.11 to 
the orbifold case. Again the finite propagation speed allows us to localize the problem 
which was also used in [2*7] . 

4.1. Kahler case. In this Section, we assume that (X,u) is Kahler and J = J, and 
the vector bundles E, L are holomorphic on X. Then a,j(x) = 2tt for j G {1, • • • , n} in 
fl3.12fijL Note that for {vjj} (resp. {ej}) an orthonormal basis of T^'°'X (resp TX), the 
scalar curvature r x of (X, g TX ) is given by 

(4.1) r x = -^{R TX (e v e k )e j ,e k ) = 2 ^ {R TX (w v Wj)w k , w k ) . 

jk jk 

Now the Levi-Civita connection V TX preserves T^'^X and T^'^X, and V T(1 '° )x = 
pT' 1 - ) XyTi pT' 1 - ) x j g holomorphic Hermitian connection on T^'^X. In this situa- 
tion, the Clifford connection V cllfT on A(T*( 0,1 )X) is v A ( T * (0,1)x ) ; the natural connection 
induced by V T(1 '° )x . Let d ® E ' be the formal adjoint of the Dolbeault operator d L 8 
on n°' m (X, Lp®E). Then the operator D p in (Q is D p = V2(B LmE + d LmE '*). Note 
that Dp preserves the Z-grading of fl°''(X, LP ® E). Let D pi = Dp\op,i(x,Lp®E)) then for 
p large enough, 

(4.2) Ker D p = Ker D p0 = H°(X, L p ® E). 

By (|4.2j) . B p (x) G End(E) and we only need to do the computation for D p0 . In 
what follows, we compute everything on ^°°(X, L p £g> E). Especially, Q r in (|3.104|) takes 
value in End(-E). Now, we replace X by R 2n ~ T X0 X as in Section I3~2*l and we use the 
notation therein. We denote by {g^{Z)) the inverse of the matrix (g^^Z)) = (gfj X (Z)). 
Let A TX = be the standard Euclidean Laplacian on T Xo X with respect to the 

metric gV . Then by (ET23t . lET35|) . 

(4.3) 9ij (Z) = J2 6 ^( Z ) = *H + \ (R^i^e^e,) + G(\Z\*). 



Theorem 4.1. 
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(4.4) Qo = —A + 7r \Z\ - 2nn + 2^-1^^, Q 1 = 0, 

'2 /„t->v/~ s \ V— 17T 



3 

3 

- ^ J%)W, JK) + i X] «*(^ e,-> V ei V er 



Proof. Let r'- be the connection form of V TX with respect to the basis {ej}, then 
(V^e,)(Z) = r^(ZK ByQ, 



(4.5) I^(Z) = lj29 lk (9 i9jk + d m - d k9ij )(Z) 

k 

= l [ «*(^ e 3>^ e i) xo + «f(^ ei )e v e,) 



+ 0(\Z\ 2 ). 



Observe that J is parallel with respect to V TX , thus (Jei,ej) z = ( Je^, e^} . By (11.1)1 . 
and 1ET35I) . 

(4.6) £ii^( ejkjei )(Z) = ][> fc W(Z) (^,e,) z 



'.7 



= (Je*. e z ) xo - i « X (^, e fe )7e, Je,)^ + \ « x (^, Je fc )^, e,)^ + €?(|Z| 3 ) 
By (HOT)) . (^HoT) and (jP)l . for t = we get 



(4.7) V tjei U = = V ei + -T L {ei)(tZ) + tY h '{e i ){tZ) 



V ei - n/^Ttt (JK, et) 



^ (R™(K, JK)K, ei ) + ^Rg(K, + ^ 



By a direct calculation (jH.fiOj) or by Lichnerowicz formula in [H Proposition 1.2], we know 



(4.8) D 2 pfi = -J2 g ij N%® E v%® E - rLvf ^ 



1.3 &i 



— R E (ei, Jti) — 2nnp. 
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Thus from 1ET3SI) . (JO), (@~7|), and (Oil . 

(4.9) 

= -J^g»(tZ) [v t , ei V tie , - ff^.)V t , e! ] (Z) - ^Elt 2 ^^(e,, Je,)(tZ) - 2™ 



v e% - V^in (jtz, a) 



•It W - ^^t 2 JK)K, ej) + ^ e 3 ) + 



tr^.(tz)(V e! - V^Ttt (m, ei ) + '••■-i- 1 



From (|Q|) . (jOj) and the fact that i? TX is a (l,l)-form, we derive 
Proo/ o/ r/ieorem[H3 From ()3.106j) . and (|Ojl . 
(4.10) 



-«L9 



(Z, Z') 



1 



, n(\Z\ 2 + \Zf) vr 
ex P I — — ttt; — n — I - — 



(1 - e ~ ilTU ) n V 2tanh(27rw) ' sinh(27ra) 
By (j3~TU7jl . (jOj) . (trmjl . J M (Z,Z') = 0, and 

1 



-2^1ttu.J 



z, z' 



(4.11) J 2 , tt (0,0) 



dui 



By (Q, 



(4.12) Q 2 (Z)exp 



exp 



-7T|ZP 



n (1 - e" 47 ™ 1 )^ 1 - e" 47r ( n " ni )) 
vr|Z| 2 



2 tanh(27r(n — U\)) 



Q 2 (Z)exp 



7T|ZP 



□ 



2 tanh(27TM!) / 



-i<(^, jrc) - j. (Rl x (n, jk)k, m) 



2 tanh(27rui) 

-^(R^i^^n, j ei ) + 



7T 



3 tanh(27TMi 



E<(^^4 eX K 2 ta7h'(fl l) 
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Now f + °° x 2 e- x2 ' 2 dx = f + °° e~ x2 l 2 dx = v 7 ^, and f + °° x A e~ x2 l 2 dx = 3V^. Thus 

\z\ 2 . 



(4.13) 



[R T xo x (n,jn)n, jn)ex P ( 



(27rr^[<C o x (e J ,Je J )e fe ,Je fc ) 

jk 



+ (R^(e j7 Je k )ej, Je k ) + (R^fa, Je k )e k , Je 3 ) 



-(27T)" x 4r£. 



Set c(mi) 



sinh(27r(u— «i)) sinh(27rui) 



(4.14) J 2) «(0,0) 



sinh (2 ™) • Then from illll-ilia), we get 



-4iru\n 



cM- -)v /Z T^<(e,,Je, 

i 

2c(n 1 ) 2 )rfJ 



1-e 



3 Vtanh(27TM 1 ^ 

1 \u 1 

tanh(27rn) / 2 4vr 

it 2 



-l^<(e 4 ,Je ; 

i 

-3 



sinh(47ra) H — 



2 2tanh 2 (27ra) sinh 2 (27ra) V32vr 
Thus by (JO), and (l3~P23j) . 

(4.15) b 1= lim J 2 , u (0,0) = itoV^(e l ,Je 4 ) + V Id, 

«— >oc 47T L * Z 

From Theorem II. II and ()4.15|) . the proof of Theorem 11.31 is completed. 



□ 



4.2. Orbifold case. Let (X,u) be a compact symplectic orbifold of real dimension 2n 
with singular set X' . By definition, for any x G X, there exists a small neighborhood 
U x C X, a finite group G x acting linearly on M 2n , and U x C M 2n an G x -open set such 
that U x -A U x /G x = U x and {0} = t~ 1 (x) G U x . We will use z to denote the point in [/j. 
representing z G £4. Let £X = {(x, G X, G x ^ 1, (/ij) runs over the conjugacy 

classes in G x }. Then EX has a natural orbifold structure defined by (cf. |23j ) 



(4.16) 



hi 



(x,U x ,j) 



Here U x x is the fixed point set of h? x over C4, Z Gx (h :l x ) is the centralizer of h? x in G^, 
and if^ is the kernel of the representation Za x (h 3 x ) — »■ Diffeo [U x x ). The number |i^| is 
locally constant on EX and we call it as the multiplicity of each connected component 
Xi of X U EX. 

An orbifold vector bundle E on an orbifold X means that for any x G X, there exists 
Pc^ : -E 1 ^ — > C/j; a -equivariant vector bundle and (G§ ,Eu x ) (resp. (G§ x /K Ux ,U x ), 



Ker(Gg, 



Diffeo (C/j;))) is the orbifold structure of £/ (resp. X). Set E 1 ^ the 
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i^-invariant sub-bundle of E Ux on U x , then (G§ x /Ku x , Eff) defines an orbifold sub- 
bundle E pT of E on X. We call E pr the proper part of E. We say E is proper if G E = G x 
for any i6l. 

Now, any structure on X or E should be locally G x or G§ equivariant. 

Assume that there exists a proper orbifold Hermitian line bundle L over X endowed 
with a Hermitian connection V L with the property that : ^-R L = w (Thus there exist 
k G N such that L k is a line bundle in the usual sense). Let (E, h ) be a proper orbifold 
Hermitian vector bundle on X with Hermitian connection V E and its curvature R E . 

Then the construction in Section |21 works well here. Especially, the spin c Dirac op- 
erator Dp is well defined. In our situation, let {5f , • • • , S%} (d p = dimKerD p ) be any 
orthonormal basis of KerD p with respect to the inner product (|2.2jl . We still have ()3.3jl 
for B p (x). In fact, on the local coordinate above, Sf(z) on U x are G x invariant, and 

dp 

(4.17) P p (z,z') = ^S?®®(S!(z>)y. 

1=1 

We note that if Q : < ^' 00 (X, £7) — > ^' 00 (X, F) is a pseudo-differential operator of order 
m (m < —2n — k, k G N), and F are proper orbifold vector bundles, then the operator 
Q has a ^-kernel. In fact, Qu x lifts to a pseudo-differential operator on U x and 
for Qu x (z,z') the ^-kernel on U x x U x with respect to (iw^ , the kernel of the operator 
Qu x : V°°(U x ,E lUx ) - ^(E^-PVJ is (cf. also [22 (2.2)]) " 

(4.18) QuA^z') = Y,{9A)Qu x {9~%z'), (z,z') eU x x U x . 

g£G x 

Indeed, for s G ^ 7oo ([/ a; , E) with compact support, then s is a G^-invariant section of 
Ejj x on [4, by definition, 

(4.19) (Qs)(z) = I Q Ux {z,T?W)dv % {z>) 




Proof of Theorem \1.4\ At first, we have the analogue of Propositions 13.11 

(4.20) \P P (x,x') - F{D p )(x,x')\ vm{x) < C ljm>£ p- 1 . 

To prove (|4.20|) . we work on U Xi , and the Sobolev norm in (J3.9)) is summed on U Xi . 

Note that on orbifold, the property of the finite propagation speed of solutions of 
hyperbolic equations still holds if we check the proof therein |T3J §7.8], §4.4] as 
pointed out in j27j. Thus for x, x' G X, if d(x,x') > e, then F(D p )(x,x') = 0, and given 
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x G X , F(D p )(x, ■) only depends on the restriction of D p to B x (x, e). Thus the problem 
on the asymptotic expansion of P p (x, ■) is local. 

Now, we replace X by M? n /G xo , and let L, E be the G^-equivariant vector bundles 
on U xo corresponding to L, E on U XQ /G XQ . In particular, G XQ acts linearly and effectively 



on 



d2/i 



We will add a superscript to indicate the corresponding objects on 



d2?i 



Now for Z,Z' G R 2n /G xo , \Z\, \Z'\ < e/2 and Z, Z' G M 2n represent Z, Z', then by 
(pOjl . (TT~2H1) . and (|4~TH1) . for any /, m G N, there exists Cj, m)E > such that for p > 1, 



(4.21) 



Moreover, for £ = -4?, 



(4.22) 



F(D P )(Z,Z') = ^(^,l) J P( J D p )^- 1 Z ) Z / ), 

|F(5 p )(Z, Z') - P p °(Z, Z')^™ < C.m.ep-'- 



PS(z,2) = ¥ zPb(z/t,z'/t)K- 1 W. 



We will denote in ()3.108|) by P X( ? to indicate the base point x . For g G G Xo , we 
denote by Z = Z lg + Z 2)9 with Z lg G TU^ Q , Z 2 . g G iV" s>:CQ (here iV g)X0 is the normal 
bundle to U 9 XQ in U xo ). By fl3H|, (JSUHl, as in (CTTT^I . for |Z| < e/2, a, a' with 
\a\ < m, la'l < m' 



(4.23) 



r=0 



< Ct k ~ m ' (1 + y/p-\Z 2>g \) N exp (- v^WpI Z 2 , 9 1 ) . 
Especially, for Z G R 2n /G X0 , \Z\ < e/2, as in (1TT2TD . 

ahi ( i 



(4.24) 



sup 

|cv|<m 



^(^,z)-yj P -^»(o,o) 



r=0 



<9z a ^P r ' 

Thus from (jODI)-(j01 \ we get for |Z| < e/2, 
Q\<*\ , l 



< Cp 



-k-1 



(4.25) sup 

|a|<m' 



-{^ P P (Z,Z)-J2br(Z) P - r 



dZ a V 



2k 



r=0 



5>~ 5 E (^ 1 )4?(^"% lS >^ lff )^ i 1 (z 



r=0 i^sec?x 



<C p 



.-fc-i + p-fe- 



^ (1 + v ^d(Z,X')) iV exp (-^C^^/pdiZiX') 



1 In the same way, by Theorem 13.181 1(4.211) , 14.22(1 , we get the full off-diagonal expansion of the 
Bergman kernel on the orbifolds as in Theorem 3.18'. 
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By (I3.117j) . we get for a, a' with \a\ < m, \a'\ < m', 



(4.26) 



ON dW] 7 Y, f PlUg^Z 2 Jt,Z 2 Jt) <Ct-™\l + \^\feM-^\Z2, g \). 



dz? q dz° 



,g r=0 



For any compact set K C X \ X', we get the uniform estimate f)1.7|) from (|4.24j) as in 
Section E31 as G x = {1}. From (jOHjl . we get ljT7|) near the singular set X'. 

By the argument in Section |4~T1 we have established the last part of Theorem II .41 □ 



Note that if xq G X', then \G XQ \ > 1. Now, if in addition, L and E are usual vector 
bundles, i.e. G Xo acts on both L Xo and E XQ as identity, then by (j4.25j) . 



(4.27) 



P 



-P p (x ,x ) - \G X0 \b (x ) 



< Cp 



-1/2 



Thus we can never have an uniform asymptotic expansion on X if X' is not empty. 



Remark 4.2. On C/| , g acts on L by multiplication by e , the action of g on i?^ 9 and 
on A(T*^°' 1 - ) X) is parallel with respect to the connections V s and V cllff . We denote by 
g\\®E, 9\e the action of g on A(T*( 0,1 >X) <g> E, E on E/| We define on U 9 



(4.28) 

1pr,q(Zl, g ) 



\a\=q 



JV, 



d \ a 



dZ 



2,9 



Then e iep ip r ^ q (Zi ig ) are a family of differential operators on U 9 along the normal direction 
N g ,x with coefficients in End(A(T*( 0,1 )X) ®E), and they are well defined on U 9 /Z GxQ (g) 
and on EX. By (j3.117|) . ()4.25|) . we know that in the sense of distributions, 



(4.29) —B p {x. _ _ 

y r=0 XiCXWSX 3 



/Zp 



r/2 



E— p~ n+dim x i e idjP 5 
rn ■ 



X 3 ^P fyr,q + 
q>0 



Here Xj runs over all the connected component of X U SX and g acts on L\x- as 
multiplication by e 3 ', and rrij is the multiplicity of Xj defined in (cf. also [27 \). 
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Especially, if EX = {yj} is finite points, then rrij = \G yj \ and 9\mt*(o,i-) X )®e ° I*c®e 
9\e ° I<c®e- Moreover, as g commutes with J xo , from (j3.114j) . for Z = z + z, 



(4.30) I P(g- 1 Z,Z)dZ 

- W L exp ( " S 11 Jjl(9 " - 1)Z|2 + 5 



det c j; 



X() 



(2vr) n 

detc 



/ exp ( - ~ (\J X0 \Z, Z) + \ {{\J X0 \ + J^g-'Z, Z))dZ 
/ exp ( - (J XQ z,z) + (j xo g~ 1 z,z))dZ 



det c (l -g T l li0)x )' 

Thus from f|3.117[l . (14"2HD . 

(4.3D BpW = yj 6 r( ,)p- + yj lr f' g ' B ° / »!f a + <nh 

Remark 4.3. Now assume that (X, u;) is a Kahler orbifold and J = J, moreover L is an 
usual line bundle on X. Then we can embed X into ¥(H°(X, L p )*) by using the orbifold 
Kodaira embedding P for p large enough (cf. PJ §7]). Let 0(1) be the canonical line 
bundle on F(H°(X, L p )*) with canonical metric h 0( - l) . Then L p = 4>* p O(l) and h LP = 
B p (x)(f)* p h 0( < l \ We can also interpret as following: Let {Sj} d ^ =l be an orthonormal basis 
of H°(X,L P ) with respect to then it induces an identification H°(X,L P )* ^ C d f; 

also, choose a local (^-invariant holomorphic frame (which is possible as G x acts 
on ^ as identity) and write Sj = fjS p L . Then (fi p : X c — ► P(if°(X, L p )*) is defined 
by p (x) = [/i(x), • • • , / dp (x)]. Let cj F5 be the Fubini-Study metric on F(H°(X, L p )*). 
Then 



(4.32) ^s = ^«91og(£|/ i | a ) = u; + ^91ogi^). 

Note that g G G xo acts as identity on L xo , for Z = 2 + z, by (|3.114jl . 

(4.33) ^ljP^C^- 1 ^,^^) 

= exp ^ - -p (g -1 - 1)Z 2 , S + vrp ^flT 1 ^ - z 2)B ), Z 2<g 

Set 6 (Z) = 1 + Ei^ e g, (& 1 ) P z 1 , g (^ ~ 1 ^2, g , ^/pZ^K^jZ^g). Then 6 (Z) has a 
positive real part on T X0 X. By (J4.25j) . for m G N, taking k ^> m, then for p large 
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enough, for \Z\ < e/2, under the norms c io' 
(4.34) log(ls p (Z)) = log(6o(Z)) + log ( 1 + Yb G (Z)-%{Z)p 



r=X 



P 

2k 



Thus from p.H7f . (JCTjl . for any Z e N, there exists Cj > such that 

1 

— ( 

P 



(4.35) 
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